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We present an unifying description close to a spatial bifurcation of localized states, appearing as 
large amplitude peaks nucleating over a pattern of lower amplitude. Localized states are pinned over 
a lattice spontaneously generated by the system itself. We show that the phenomenon is generic and 
requires only the coexistence of two spatially periodic states. At the onset of the spatial bifurcation, 
a forced amplitude equation is derived for the critical modes, which accounts for the appearance of 
localized peaks. 



During the last years emerging localized structures in 
dissipative systems have been observed in different fields, 
such as domains in magnetic materials , chiral bubbles 
in liquid crystals 0, current filaments in gas discharge 
experiments , spots in chemical reactions Q , localized 
2D states in fluid surface waves 0, oscillons in granular 
media , isolated states in thermal convection 0| , soli- 
tary waves in nonlinear optics 8], just to mention a few. 
In one-dimensional systems, localized patterns can be de- 
scribed as homoclinic orbits passing close to a spatially 
oscillatory state and converging to an homogeneous state 
[^^3) whereas domains are seen as heteroclinic trajec- 
tories joining the fixed points of the corresponding dy- 
namical system . Recently, in a nematic liquid crystal 
light valve with optical feedback it has been found exper- 
imentally a different type of localized states, appearing 
as a large amplitude peaks nucleating over a lower am- 
plitude pattern and therefore called localized peaks I l2j |. 
Similar observations have been reported in a Newtonian 
fluid when non linear surface waves are parametrically 
excited with two frequencies |13| and in numerical sim- 
ulations of an atomic vapor with optical feedback 
Recently, longitudinal modes with localized peaks over 
a spatially modulated background have been shown in 
numerical simulations of Maxwell-Bloch equations for a 
semiconductor laser [isjj. 

All these different types of localized states appear over 
a patterned background and thus constitute a different 
class of structures with respect to the ones appearing over 
an uniform background. The aim of this manuscript is to 
show that localized peaks are a generic class of localized 
states, appearing whenever a pattern forming system ex- 
hibits coexistence of two spatially periodic states. The 
mechanisms that originate this circumstances are more 
than a few, for instance, one can consider a multi-stable 
system, which shows two consecutive spatial bifurcations 
to different states when one parameter is changed. There 
is a large number of physical systems that display this 
kind of behavior, therefore there is a vast number of pos- 
sible models. In order to derive an unifying and sim- 
ple description of localized peaks, we develop a theoreti- 
cal model for one-dimensional spatially extended systems 
close to a spatial bifurcation. The model, which shows co- 



existence between different patterns and stable front so- 
lutions between them, is based on an amplitude equation 
that includes a spatial parametric forcing. This extension 
with respect to conventional amplitude equations, allows 
to describe localized patterns and to account for the main 
properties of these solutions. The model includes the in- 
teraction of the slowly varying envelope with the small 
scale of the underlying pattern solution [l^ , well-known 
as the non-adiabatic effect 119 • 




FIG. 1: A typical bifurcation diagram allowing for the ap- 
pearance of localized peaks: at a certain value of a sec- 
ondary subcritical bifurcation takes place; dashed lines mark 
the beginning (end) Bi (-B2) of the bistable region and the 
Maxwell point ^Af. 

Generally, the main ingredient for the appearance of 
localized peaks is the coexistence between two spatially 
periodic states. In order to give a generic description of 
such a situation, we consider a system that exhibits a 
sequence of spatial bifurcations as shown in Fig^ that 
is, the primary bifurcation is super-critical while the sec- 
ondary one is of subcritical type. Let u{x;t) be a vector 
field that describes the system under study and satisfies 
the partial differential equation 



(9fU = / {u,dx,{Xi}) , 



(1) 



where {A^} is a set of parameters. For a critical value 
of one of the parameters, the system exhibits a spatial 
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instability at a given wave number qc- Close to this spa- 
tial instability, we use the ansatz u — A{X,T)e^'^''^u ■' 



and the amplitude satisfies |3| 

iy\A\''A + a\A\^A~\A\^A + dxxA, (2) 

where ^ is the bifurcation parameter and {i^, a} con- 
trol the type of the bifurcation (first or second order de- 
pending on the sign of these coefficients) . Higher-order 
terms are ruled out by scaling analysis, since v ^ fJ^'^^^, 
a - ^1/3^ 1^1 - dt ^ IJ,, ^ ij}'"^, and ^ < 1. 

Note that this approach is phase invariant {A Ae^^), 
but the initial system under study does not necessarily 
have this symmetry. 

As depicted in Fig^ for a given range of parameter 
values the system exhibits coexistence between two dif- 
ferent spatially periodic states, each one corresponding 
to a homogeneous state for the amplitude equation. The 
coexistence region is for Bi < fi < B2. The extended 
stationary solution of the amplitude equation Eq.(|2J), has 
the form [dtA = 0) 



A = Roe 



-X 



where ^ — / Rg — vR^ + aR^ — R^ — and e is an arbi- 
trary constant related to the initial phase invariance. It 
is worth to note that in the case of positive £, the wave 
number of the pattern is modified by the inverse of the 
square amplitude Rq , so that patterns with larger ampli- 
tude have smaller wave number. At variance when e is 
negative, the patterns with large amplitude have smaller 
wavelength. In Fig|2are depicted two different patterns 
that coexist for the same parameters and the pattern 
with large amplitude has smaller wavelength, hence e in 
this case is negative. 

Note that the above amplitude equation is variational 
and can be written as 



dtA^- 



[A, A\ 
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where 

T= - 



,,,2 \A\^ \A\^ \Af 

uL4r - v^—^ + a— — 
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dxA P 1 dx. 



For given values of the parameters, the two stable uni- 
form stationary states of Eq.||2Jl have the same energy, 
that is, the system is at the Maxwell point. Where the 
front between the two states does not propagate, that is, 
the front is motionless J^. By moving away from the 
Maxwell point, the front dynamics is usually character- 
ized by the motion of the core of the front, which is de- 
fined as the front position with the largest slope. In order 
to have a localized solution, we consider the interaction 
of two of these motionless fronts close to the Maxwell 
point. As a consequence of the asymptotic behavior of 
the front at infinity, the front interaction is attractive, 
and has the form 2Q| 




FIG. 2: Localized state and pattern solutions: a) localized 
state solution between pattern state Hi and 112; b) and c) 
represent the pattern solutions Hi and 112 coexisting for the 
same parameters. 



where A is the distance between the cores of each front, 
S is the separation from the Maxwell point (/i — /iAf), A 
characterizes the exponential decay of the front to a given 
constant value at infinity, and a is a positive coefficient 
that characterizes the properties of the interaction and 
is determined by the form of the front. The Eq.® has 
an unstable fixed point A* = — ln((5/a)/A, which is the 
nucleation barrier between the two homogeneous states. 
Hence, the conventional amplitude equation, Eq.Q, does 
not exhibit stable localized states, due to the scale sepa- 
ration used to derive the amplitude equation. But near 
the front's core, the previous ansatz is no more valid. 
Indeed, in these locations the slowly varying envelope 
A {X, T) shows oscillations of the same (or comparable) 
size as the small scale of the underlying pattern. This 
phe nomenon is denominated as the non-adiabatic effect 

In order to take into account this effect, we modify the 
amplitude equation by including the non-resonant terms. 
Thus, the amplitude equation becomes 



drA = ijiA-v\A\^A + a\A\'^A~\A\^A + dxxA 

+ 9rnnA^A^e-' ^ 

rn , n > 



(4) 



where gmn are real numbers of order one. Now the 
amplitude equation is parametrically forced in space 
by the non-resonant terms. We note that the ansatz 
for u satisfies the symmetries {^x ^ —x, A ^ A^, and 
A ^ Ae^'^"^"} . Therefore, the envelope 
equation also is invariant under this transformation. In- 
stead, the spatial translation and phase invariance are 
independent symmetries of Eq. Q . 

To understand and illustrate the effect of non-resonant 
terms we keep the leading term n = and m = 2. Then 
the amplitude equation takes the form 



drA = ^iA-iy\A\^A + a\A\^A-\A\^A + dxxA 



-■qA^e'^ 



.X. 



(5) 
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(3) The amplitude is now spatially forced with frequency 
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FIG. 3: Oscillatory interaction force between two front so- 
lutions. The inset figures are the stable localized patterns 
observed at the Maxwell points (black dots), where the inter- 
action changes its sign. 

qc/iiT^JJi and amplitude 77 = go2- The spatial forcing 
is responsible for the homogenous states becoming a spa- 
tially periodic state. As a consequence, the front solution 
between the spatially periodic states exhibits a pinning 
range, that is, the front is motionless for a range of pa- 
rameter around the Maxwell point. It is important to 
remark that the model ^ is the simplest model that 
exhibits front solution between two different spatial pe- 
riodic solutions. 

Note that the maxima of the envelope correspond to 
the maxima of the initial periodic solution u{t,x). In 
order to obtain the change of the front interaction as a 
result of the spatial forcing, we consider the front solution 
of the resonant equation 

A±{x-Xo) = R±{x-Xo)e'^ where R±{x-Xo) 

satisfies 

^lR - vR^ + aR^ -R' + d^^^R ^ = 0, 

R-^ 

Xo is the position of the front core and the lower index -|- 
(— ) correspond to a front monotonically rising (decreas- 
ing). As the non resonant term is a rapid spatial oscilla- 
tion, we consider this term as perturbative-type and use 
the anstaz 

A = A+{x-xi{t))+A^{x-X2{t)y{Ao^+-Ao,-)+5We'^'^, 

in the Eq.©, where Ao.± = i?o,±e*^"^/-"°.± , and {5W, Sip} 
are small functions, and i?o,± are the stable equilibrium 
states of the resonant amplitude equation (|2Jl and Ro.+ > 
Ro,-- We obtain the following solvability condition for 
the SW function (front interaction) 

A^-ae-^^ + S + jcos(^-^Aj , (6) 



with 

-2{3nRl - ^^^X + - 3ei?;Vi^-R+) 

" ~ {d,R+\dM ' 

^ F{R+)-F{R^) 

{dMdxR+) ' 
^ 77(9, cos (^x)) 

^ " {dMd.R+) ' 

F{R) = /xi?V2 - i/i?V4 + ai?V6 - i?V8 + 2e^/R^, and 
(/|5)^/_°l/(x)g(x)dx. 

As a consequence of the spatial forcing the interaction 
of two fronts close to the pinning range, Eq.®, has an 
extra term and now alternates between attractive and 
repulsive forces. It is important to remark that 7 is a pa- 
rameter exponentially small, proportional to 77, and is of 
order (S, i.e. the source of the periodical force is the spatial 
forcing in the Eq.(Ell. Therefore, close to the Maxwell 
point the system exhibits a family of equilibrium points, 
dA/dt = 0. Each equilibrium point correspond to a local- 
ized solution nucleating over a pattern state, we call these 
solutions localized patterns. The lengths of localized pat- 
terns are multiple of a basic length, corresponding to the 
shortest localized state. We term these shortest states as 
localized-peaks, as these solutions correspond to the ex- 
perimental observations reported in [TJ. In FigO it is 
depicted the front interaction and the family of equilib- 
rium points. 

Due to the oscillatory nature of the front interaction, 
which alternates between attractive and repulsive forces 
(cf. Figl^l), we can deduce the dynamical evolution and 
bifurcation diagram of localized patterns. By decreasing 
6 or increasing 77, the family of localized patterns disap- 
pears by successive saddle-node bifurcations and only lo- 
calized peaks survive. The mechanism for localized peak 
appearance is related to the fact that the spatial forcing 
is nonlinear. Indeed, it is proportional to the square of 
the pattern amplitude. 

Since the amplitude of spatial forcing for the upper 
branch is larger than that for the lower branch, then the 
patterns with large modulus have large spatial amplitude 
oscillations around the equilibrium state of unperturbed 
amphtude equation (cf. Fig.jSJl). Thus, for a given criti- 
cal, and small, value of the forcing the pattern with high 
magnitude becomes unstable, because this state collides 
with the unstable pattern state. In Fig. this unsta- 
ble state is represented by the dashed line. Hence, the 
minima of the pattern with high magnitude reach the 
pattern with lower magnitude, and a saddle-node bifur- 
cation of the spatial periodic solution gives rise to the 
appearance of a localized peak. Because of this mecha- 
nism, localized patterns with a size larger than the short- 
est length are not robust phenomena. In fact, the typical 
behavior observed in the experiments is the appearance 
of localized-peaks • 

In Fig0^, it is shown a localized peak profile recorded 
in the Liquid-Crystal-Light- Valve (LCLV) experiment 
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|l2l| . In order to directly compare with the model, we 
have performed one-dimensional experiments by insert- 
ing a rectangular slit in the optical feedback loop. The 
slit transverse size is approximately 100 /im whereas, for 
the parameters set in the experiment, the size of local- 
ized peaks is around 350 /im. A similar profile can be 
numerically obtained for =| A p cos(qca;), as shown 
in FigElD. 




FIG. 4: a) Intensity profile of a one-dimensional localized 
peak in the LCLV experiment; b) numerical profile in 

the presence of a localized peak. 

In conclusion, we have presented an unifying descrip- 
tion of localized peaks, which are large amplitude peaks 
nucleating over a lower amplitude pattern. We have de- 
rived a spatially forced amplitude equation and shown 
that localized peaks are a generic class of behavior ap- 
pearing whenever a pattern forming system exhibits co- 
existence between two spatially periodic states. The front 



solution that connects the two different pattern states ex- 
hibit a locking phenomena, that is, it is motionless for a 
range of parameter. We have obtained the front inter- 
action and from this interaction we have deduced the 
family of localized solutions. We have shown that, as a 
consequence of the nonlinear nature of the forcing, local- 
ized patterns with a size larger than the shortest length 
are not robust phenomena, so that only localized peaks 
are stable at long times and for a wide range of parame- 
ters. We have shown a good qualitative agreement with 
the experimental observations for a LCLV system and 
we expect similar phenomena to be observed in other 
pattern forming systems, provided they present bistabil- 
ity between two different spatial structures. Note that 
pinning of localized structures on periodic arrays has re- 
cently been reported for a fixed grid 21]. Localized peaks 
can be seen as a generalization of this case, when the 
pinning lattice is spontaneously generated by the system 
itself. 
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